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Abstract Let S be the Lie group M"' x M, where M acts on by dilations, endowed 

with the left-invariant Riemannian symmetric space structure and the right Haar measure 

' p, which is a Lie group of exponential growth. Hebisch and Steger in [Math. Z. 245(2003), 

. 37-61] proved that any integrable function on (S, p) admits a Calderon-Zygmund decom- 

(-H I position which involves a particular family of sets, called Calderon-Zygmund sets. In this 

paper, we show the existence of a dyadic grid in the group S, which has nice properties 

similar to the classical Euclidean dyadic cubes. Using the properties of the dyadic grid, we 

prove a Fefferman-Stein type inequality, involving the dyadic Hardy-Littlewood maximal 

function and the dyadic sharp function. As a consequence, we obtain a complex interpo- 

^ . lation theorem involving the Hardy space and the space BMO introduced in [Collect. 

O : Math. 60(2009), 277-295]. 
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r-j ■ 1 Introduction 

' Let S be the Lie group M" x M endowed with the following product: for all (x, t), {x', t') € S, 

{x, t) ■ {x', t') = {x + e*x', t + t'). 



L. Liu • D. Yang (Corresponding author) 

School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathematics 
and Complex Systems, Ministry of Education, Beijing 100875, People's Republic of China 
e-mail: dcyang@bnu.edu.cn 

L. Liu 

[Present address) Department of Mathematics, School of Information, Renmin University 
of China, Beijing 100872, People's Republic of China 
e-mail: liguangbnu@gmail.com 

M. Vallarino 

Dipartimento di Matematica e Applicazioni, Universita di Milano-Bicocca, via R. Cozzi 53, 

20125 Milano, Italy 

e-mail : maria . vallarino @ unimib . it 



1 



2 



L. Liu et al. 



The group S is also called an ax + b~group. Clearly, o = (0,0) is the identity of S. We 
endow S with the left-invariant Riemannian metric 

ds^ = e~'^\dxl H h dxi) + dt^ , 

and denote by d the corresponding metric. This coincides with the metric on the hyperbolic 
space if""'"^(M). For all {x,t) in S, we have 

I c ^ I ^ ~ ^ 1 3^ I ^ 

cosh(i((x, t), o) = ^ . (1.1) 

The group S is nonunimodular. The right and left Haar measures are given by 

dp{x,t) = dxdt and dX{x,t) = e~^^ dx dt. 

Throughout the whole paper, we work on the triple (S, d, p), namely, the group S endowed 
with the left-invariant Riemannian metric d and the right Haar measure p. For all {x,t) € S 
and r > 0, we denote by -B((x,t),r) the ball centered at {x,t) of radius r. In particular, 
it is well known that the right invariant measure of the ball B{o,r) has the following 
behavior 

rr"+i if r<l 
p(i?(o,r))~|^„, if ,>i. 

Thus, (5, d, p) is a space of exponential growth. 

Throughout this paper, we denote by the Lebesgue space L^ip) and by || • \\lv its 
quasi-norm, for all p € (0, oo]. We also denote by L^'°^ the Lorentz space L}-'°°{p) and by 
II • llii.oo its quasi-norm. 

Harmonic analysis on exponential growth groups recently attracts a lot of attention. 
In particular, many efforts have been made to study the theory of singular integrals on 
the space (5, d, p). 

In the remarkable paper [16], Hebisch and Steger developed a new Calderon-Zygmund 
theory which holds in some spaces of exponential growth, in particular in the space (5, d, p). 
The main idea of [16] is to replace the family of balls which is used in the classical Calderon- 
Zygmund theory by a suitable family of rectangles which we call Calderon-Zygmund sets 
(see Section 2 for their definitions). We let IZ denote the family of all Calderon-Zygmund 
sets. 

The Hardy-Littlewood maximal function associated with TZ is of weak type (1,1) 
(see [13, 25]). In [16], it was proven that every integrable function on {S,d,p) admits a 
Calderon-Zygmund decomposition involving the family TZ. As a consequence, a theory for 
singular integrals holds in this setting. In particular, every integral operator bounded on 

whose kernel satisfies a suitable integral Hormander's condition is of weak type (1, 1). 
Interesting examples of singular integrals in this setting are spectral multipliers and Riesz 
transforms associated with a distinguished Laplacian A on S, which have been studied by 
numerous authors in, for example, [2, 8, 11, 12, 16, 15, 20, 22, 23]. 

Vallarino [26] introduced an atomic Hardy space on the group {S,d,p), defined 
by atoms supported in Calderon-Zygmund sets instead of balls, and a corresponding 



Dyadic sets and maximal functions on ax + 6 -groups 



3 



BMO space, which enjoy some properties of the classical Hardy and BMO spaces (see 
[7, 10, 24]). More precisely, it was proven that the dual of may be identified with BMO, 
that singular integrals whose kernel satisfies a suitable integral Hormander's condition are 
bounded from to and from L°° to BMO. Moreover, for every 9 € (0, 1), the real 
interpolation space [H^,L'^]g^q is equal to L'^ if | = 1 — |, and [L^, BMOJg^p is equal to 
L'P if i = The complex interpolation spaces between and and between and 
BMO are not identified in [26]. 

In this paper, we introduce a dyadic grid of Calderon-Zygmund sets on S, which 
we denote by T> and which can be considered as the analogue of the family of classical 
dyadic cubes (see Theorem 3.1 below). Recall that dyadic sets in the context of spaces of 
homogeneous type were also introduced by Christ [6]; his construction used the doubling 
condition of the considered measure, so it cannot be adapted to the current setting. In 
the ax + 6 -groups, the main tools we use to construct such a dyadic grid are some nice 
splitting properties of the Calderon-Zygmund sets and an effective method to construct a 
"parent" of a given Calderon-Zygmund set (see Lemma 2.3 below). More precisely, given 
a Calderon-Zygmund set R, we find a bigger Calderon-Zygmund set M{R) which can be 
split into at most 2" sub-Calderon-Zygmund sets such that one of these subsets is exactly 
R and each of these subsets has measure comparable to the measure of R. To the best 
of our knowledge, this is the first time that a family of dyadic sets appears in a space of 
exponential growth. The dyadic grid V turns out to be a useful tool to study the analogue 
of maximal singular integrals (see [17]) on the space {S,d,p), which will be investigated 
in a forthcoming paper [19]. 

By means of the dyadic collection D, in Section 4 below, we prove a relative dis- 
tributional inequality involving the dyadic Hardy-Littlewood maximal function and the 
dyadic sharp maximal function on 5, which implies a Fefferman-Stein type inequality 
involving those maximal functions; see Stein's book [24, Chapter IV, Section 3.6] and 
Feff'erman-Stein's paper [10] for the analogous inequality in the Euclidean setting. The 
previous inequality is the main ingredient to prove that the complex interpolation space 
(L2, BMO)[0] is equal to LP" if ^ = and {H\L'^)[e] is equal to L^e if ^ = 1 - f . This 
implies complex interpolation results for analytic families of operators (see Theorems 5.2 
and 5.3 below). In particular, the complex interpolation result for analytic families of op- 
erators involving could be interesting and useful to obtain endpoint growth estimates 
of the solutions to the wave equation associated with the distinguished Laplacian A on 
ax + 6-groups, as was pointed out by Miiller and Vallarino [21, Remark 6.3]. 

We remark that the corresponding complex interpolation results for the classical Hardy 
and BMO spaces were proven by Fefferman and Stein [10]. Recently, an H^-BM.0 the- 
ory was developed by lonescu [18] for noncompact symmetric spaces of rank 1 and, more 
generally, by Carbonaro, Mauceri and Meda [5] for metric measure spaces which are non- 
doubling and satisfy suitable geometric assumptions. In those papers, the authors proved 
a Fefferman-Stein type inequality for the maximal functions associated with the family 
of balls of small radius: the main ingredient in their proofs is an isoperimetric property 
which is satisfied by the spaces studied in [18, 5]. As a consequence, the authors in 
[18, 5] obtained some complex interpolation results involving a Hardy space defined only 
by means of atoms supported in small balls and a corresponding BMO space. Notice that 
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the space {S,d,p) which we study here does not satisfy the isoperimetric property ([5, 
(2.2)]). Moreover, we consider atoms supported both in "small" and "big" sets. Then we 
have to use different methods to obtain a suitable Fefferman-Stein inequality and complex 
interpolation results involving and BMO. 

Due to the existence of the dyadic collection T>, it makes sense to define a dyadic 
BMOx) space and its predual dyadic Hardy space on S (see Definitions 4.2 and 4.3 
below). Though in Theorem 4.5 below, it is proven that is a proper subspace of H^, 
the complex interpolation result given by and is the same as that given by and 
-L^; see Remark 5.1 below. 

Finally, we make some conventions on notations. Set Z4, = {1, 2, • • • } and N = 
U {0}. In the following, C denotes a positive finite constant which may vary from line 
to line and may depend on parameters according to the context. Constants with subscripts 
do not change through the whole paper. Given two quantities / and 5, by / < g, we mean 
that there exists a positive constant C such that / < Cg. If / ^ 5 ^ /, we then write 
f ^ g. For any bounded linear operator T from a Banach space yl to a Banach space 
we denote by ||rm_j.B its operator norm. 

2 Preliminaries 

We first recall the definition of Calderon-Zygmund sets which appears in [16] and implicitly 
in [13]. In the sequel, we denote by Q the collection of all dyadic cubes in M". 

Definition 2.1. A Calderon-Zygmund set is a set R = Q x [t — r,t + r), where Q £ Q 
with side length L, t G M, r > and 



We set tji = t, rn = r and xr = {cQ,t), where cq is the center of Q. For a Calderon- 
Zygmund set R, its dilated set is defined as R* = {x £ S : d{x,R) < rji}. Denote by TZ 
the family of all Calderon-Zygmund sets on 5. For any x £ S, denote by TZ{x) the family 
of the sets in TZ which contain x. 

Remark 2.1. For any set R = Q x [t — r,t + r) £TZ, we have that 



where |Q| and L denote the Lebesgue measure and the side length of Q, respectively. 

The following lemma presents some properties of the Calderon-Zygmund sets. 

Lemma 2.1. Let all the notation be as in Definition 2.1. Then there exists a constant 
Ko £ [1) 00) such that for all R € TZ, the following hold: 



e^r < L < e^ eV 
e* e^'- < L < e* e^^ 



if r > 1. 



if r < 1 




Q Jt-r 



(i) B{xR,rn) C RC B{xR,KorR); 

(ii) p{R*) < Kop{R); 
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(Hi) every R £ TZ can be decomposed into mutually disjoint sets {Ri}^^^, with k = 2 or 
k = 2", Ri G 7^, such that R = U^L^i?, and p{Ri) = p{R)/k for allie {I,-- - , k}. 

We refer the reader to [16, 26] for the proof of Lemma 2.1. We recah here an idea 
of the proof of the property (iii) from [16, 26]. Given a Calderon-Zygmund set R = 
Q X [t — r,t + r), when the side length L of Q is sufficiently large with respect to e* and 
r, it suffices to decompose Q into 2" smaller dyadic Euclidean cubes {Qi, ■ ■ ■ ,Q2'^} and 
define Ri = Qi x [t — r,t + r) for i G {1, • • • ,2"'}. Otherwise, it suffices to split up the 
interval [t — r,t — r) into two disjoint sub-intervals {/i, I2}, which have the same measure, 
and define Ri = Q x li for i G {1,2}. This construction gives rise to either 2" or 2 smaller 
Calderon-Zygmund sets satisfying the property (iii) above. 

The Hardy-Littlewood maximal function associated to the family TZ is defined as 
follows. 

Definition 2.2. For any locally integrable function / on 5, the Hardy-Littlewood maximal 
function M.f is defined by 

Mf{x)^ sup -3-/ I/I dp VxeS. (2.1) 

The maximal operator M has the following boundedness properties [13, 16, 25]. 

Proposition 2.2. The Hardy-Littlewood maximal operator A4 is bounded from L^ to 
L^'°°, and also bounded on L^ for all p G (l,oo]. 

By Proposition 2.2, Lemma 2.1 and a stopping-time argument, Hebisch and Steger [16] 
showed that any integrable function / on 5 at any level a > has a Calderon-Zygmund 
decomposition f = g + bi, where \g\ is a function almost everywhere bounded by Koa 
and functions {bi}i have vanishing integral and are supported in sets of the family TZ. This 
was proven to be a very useful tool in establishing the boundedness of some multipliers 
and singular integrals in [16], and the theory of the Hardy space on 5 in [26]. 

Lemma 2.1(iii) states that given a Calderon-Zygmund set, one can split it up into a 
finite number of disjoint subsets which are still in TZ. We shall now study how, starting 
from a given Calderon-Zygmund set R, one can obtain a bigger set containing it which is 
still in TZ and whose measure is comparable to the measure of R. 

Definition 2.3. For any R £TZ, M{R) G 7^ is called a parent of R, if 

(i) M{R) can be decomposed into 2 or 2" mutually disjointed sub-Calderon-Zygmund 
sets, and one of these sets is R; 

(ii) 3p{R)/2 < p{M{R)) < max{3, 2"}p(i?). 

For any R £ TZ, a parent of R always exists, but it may not be unique. The following 
lemma gives three different kinds of extensions for sets R = Q x [t—r, t + r) £ TZ when 
r > 1. Precisely, if Q has small side length, then we find a parent of R by extending R 
"horizontally" ; if Q has large side length, then we find a parent of R by extending R either 
"vertically up" or "vertically down". 
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Lemma 2.3. Suppose that R = Qx [t—r, t + r) eTZ, where t ^R, r = rji > 1 and Q cW^ 
is a dyadic cube with side length L satisfying e* e^*" < L < e* e^^'. Then the following hold: 
(i) If e*e^'' < L < e*e^''/2, then Ri = Q' x [t — r, t + r) is a parent of R, where 

Q' C M" is the unique dyadic cube with side length 2L that contains Q. Moreover, 

p{Ri) = 2^p{R). 

(a) If e'' e^^ /2 < L < e*e^^, then R2 = Q x [t—r, t + 3r) is a parent of R. Moreover, the 
set R' = Q X [t + r,t + 3r) belongs to the family TZ, R2 = RU R' and 

p{R) = p{R') = p{R2)/2. 

The set R2 is also a parent of R' . 
(Hi) // 6*6^*^ /2 < L < 6*6^*^', then R^ = Q x [t—5r, t + r) is a parent of R. Moreover, the 
set R" = Q X [t—5r, t—r) belongs to the family TZ, R^ = RU R" and 

p{R) = p{R")/2 = p(i?3)/3. 

The set R-^ is also a parent of R" . 

Proof. We first prove (i). Since 2e*e^'' < 2L < e^e^""', we have that Ri £ TZ. Obviously 
Q' X [t—r, t + r) can be decomposed into 2" sub-Calderon-Zygmund sets and one of these 
sets is R. By Remark 2.1, we have p{Ri) = 2"/?(i?). Thus, (i) holds. 

To show (ii), notice that rji^ = 2r and tji^ = t+r. Since r > 1 and e* e^'' /2 < L < e* e^*", 
we have that e*"'"'^' e^^ < L < e*^^ e^^^ , which implies that R2 G TZ. If we set 

Ii = Q x[t + r, t + 3r), 

then tRi = t + 2r and r^' = r. Since r > 1 and e*e^^'/2 < L < e^ e^"^ , we obtain 
gt+2rgr < L ^ e*+2^eS^ and hence R' € TZ. By Remark 2.1, p{R) = p{R') = p{R2)/2. 
Thus, (ii) holds. 

Finally, we show (iii). Observe that t^.^ = t — 2r and rjjg = Sr. Since r > 1 and 
6*6^72 < L < e*e8^ we have that e*-^'^ e^"^ < L < e*-^^ e^^*^ and hence R3 G TZ. Set 
R" = Q X [t—5r, t—r). Notice that tji" = t—3r and r/j" = 2r. Again by r > 1 and 
6*6^72 < L < 6*6^^ we obtain that e*-^'^ e'''^ < L < e^-^' e^^'' and hence R" G TZ. It is 
easy to see that R3 = RU R" , p{R") = 2p{R) and p{Rz) = Sp{R). Therefore, we obtain 
(iii), which completes the proof. □ 

We conclude this section by recalling the definition of the Hardy space and its dual 
space BMO (see [26]). 

Definition 2.4. An H^-atom is a function a in such that 

(i) a is supported in a set i? G TZ; 

(ii) llallioo < [p(i?)]-i; 

(iii) fgadp = 0. 

Definition 2.5. The Hardy space is the space of all functions g in which can be 
written as g = Aj aj, where {aj}j are //^-atoms and {Xj}j are complex numbers such 
that [Xj[ < 00. Denote by Hs'IIhi the infimum ofJ2j '^^^r such decompositions. 
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In the sequel, for any locally integrable function / and any set i? € 7^, we denote by 
fn the average of f on R, namely, ^ fdp. 

Definition 2.6. For any locally integrable function /, its sharp maximal function is de- 
fined by 

/»(x)= sup [ \f-fR\dp V.XG5. 

The space BAAO is the space of all locally integrable functions f such that € L°° . The 
space BMO is the quotient of BM.O module constant functions. It is a Banach space 
endowed with the norm ||/||bmo = ll/'lli""- 

The space BMO is identified with the dual of H^; see [26, Theorem 3.4]. More pre- 
cisely, for any / in BMO, the functional £ defined by l{g) = J fgdp for any finite linear 
combination g of atoms extends to a bounded functional on whose norm is no more 
than C 11/11 BMO- On the other hand, for any bounded linear functional I on H^, there 
exists a function in BMO such that ||/^|| bmo < C and l{g) = f f^gdp for any 

finite linear combination g of atoms. 



3 A dyadic grid on (5, p) 

The main purpose of this section is to introduce a dyadic grid of Calderon-Zygmund sets 
on {S,d,p), which can be considered as an analogue of Euclidean dyadic cubes (see [24, 
p. 149] or [14, p. 384]). The key tools to construct such a grid are Lemmas 2.1 and 2.3. 

Theorem 3.1. There exists a collection {'Dj}j^z of partitions of S such that each Dj 
consists of pairwise disjoint Calderon-Zygmund sets, and 
(i) for any j eZ, S = Ur^d^R; 

(a) if i < k, R eVi and R' G Pfc, then either R C R' or ROR' = 0; 
(Hi) for any j Z and R ^ Vj, there exists a unique R' € 'C'j+i such that R C R' and 
p{R')<2^p{R); 

(iv) for any j € Z, every R G Vj can he decomposed into mutually disjoint sets {Ri}'l^^ C 
Vj_i, with k = 2 or /c = 2", such that R = U^L^/^j and ^ < p{Ri) < for all 
ie {!,■■■ 

(v) for any x G 5 and for any j G Z, let Rj be the unique set in Dj which contains x, 
then limj^„oo p{Rj) = and limj^^oo p{Rj) = oo. 

Proof We write S = U ^2, where = x [0, oo) and = x (-oo,0), and 
construct a sequence {PjjjeN of partitions of J^i as well as a sequence of partitions 

of ^^2, respectively. 

Let us first construct the desired partitions {PjjjgN of by the following four steps. 

Step 1. Choose a Calderon-Zygmund set Rq = QqX [tQ—ro, to+^o)) where to = '''o ^ 1 
and Qo = [OJoT G Q, with e*o e^''" < Iq < e*o e^''". To find a parent of Rq, we consider 
the following two cases, separately. 
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Case 1: e*o e^''° /2 < 4 < e*" e^''° . In this case, by Lemma 2.3(ii), 

Ri=QoX [to-ro,to + 3ro) 

is a parent of Rq and p{Ri) = 2p{Ro). 

Case 2: e*" e^^" < 4 < e*o e^''V2. By Lemma 2.3(i), i?i = Qi x [to-ro,to + vq) is a 
parent of -Rqi where Qi C M" is the unique dyadic cube with side length 2^o that contains 
Qo, namely, Qi = [0,24)". 

We then proceed as above to obtain a parent of Ri, which is denoted by i?2. By 
repeating this process, we obtain a sequence of C alder on- Zygmund sets, {Rj}j^n, such 
that each Rj+i is a parent of Rj. 

Without loss of generality, for any j S N, we may set Rj = Qj x [tj —rj,tj + rj), where 
rj+i > rj > 1, tj = rj and Qj = [0,£j)"' e Q, with e*J e'^^'J < £j < e*J 6^*"^. Observe that 
Rj+i is obtained by extending Rj either "vertically up" (see Case 1) or "horizontally" 
(see Case 2). Notice that the definition of Calderon-Zygmund sets implies that we cannot 
always extend Rj "horizontally" to obtain its parent Rj+i, in other words, for some j, to 
obtain Rj+i, we have to extend Rj "vertically up". Thus, limj_j.oo(tj + rj) = oo. This, 
combined with the fact that tj = rj, implies that 

= y (M" X [tj - rj,tj + rj)) . (3.1) 

Step 2. For any j € N and Rj as constructed in Step 1, we set 

Mj = {Qx [tj-rj,tj + rj) : QeQ, 1{Q) = l{Qj)]. (3.2) 

Then Mj d TZ and we put all sets of Mj into Pj. If Rj+i is obtained by extending Rj 
"vertically up" as in Case 1 of Step 1, then we set 

Mj = {Qx [tj + rj,tj + 3rj) : Q G Q, i{Q) = £{Qj)}. (3.3) 

By Lemma 2.3(ii), Afj C TZ. If Rj+i is obtained by extending Rj "horizontally" as in Case 
2 of Step 1, then we set Afj = 0. We also put all sets of Mj into Vj. 
We claim that for any fixed j G N, 

ni= \J R. (3.4) 

Indeed, 

M" X [0,tj + 3rj) = IJ R. (3.5) 

R&N jVjNj 

Rewrite the sequence {Nk '■ k > j, Mk 7^ 0} as {A/'^^.j^i, where 

J + 1 < £1 < £2 < • • • < ^fc < • • • . 
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We have that 

*i + ^^j = % + ^ii a'^d + ^"^ik^i =^ek+'^ik V A; > 1. (3.6) 

Since 

M-x[t4+r4,t4+3r4)= J R 

and limk-fooitlu + S?'^) = oo, by (3.6), we obtain that 

M" X [tj- + 3rj,oo) = IJ U ^= U U 

The claim (3.4) follows by (3.5) and (3.7). ^ ^ 

Step 3. Now fix j G N and take £ > j + 1 such that ^ 0. For any R G Mi, 
by Lemma 2.1(iii), there exist mutually disjoint sets {i?*}^^^ C IZ with /c = 2 or /c = 2" 
such that i? = U^L^iJj, and p{R)/2'' < p{Ri) < p{R)/2 for all i G {1, • • • , /c}. Denote 

by TV^ the collection of all such small C alder on- Zygmund sets Ri obtained by running 
R over all elements in N^. Observe that sets in TVf are mutually disjoint. Next, we 
apply Lemma 2.1(iii) to every R G Ni and argue as above; we then obtain a collection 

~2 

of smaller Calderon-Zygmund sets, which is denoted by A/^ . By repeating the above 
procedure i times, we obtain a collection of Calderon-Zygmund sets which we denote by 

Ni . In particular, we put the collection Me, obtained after I — j steps into Pj. 
Thus, for any j G N, we define 

^1=^.U^U( U ^'~']- (3-8) 

By construction, the sets in are mutually disjoint. Moreover, since for all j > and 

^ > J + 1, 

U ^= U 

from the formula (3.4), we deduce that ili = Uj^^j)iR. This shows that Dj satisfies the 
property (i). 

Step 4. For any < ^ < A;, i? G Vj and R' e Vl, by (3.8), (3.2), (3.3) and the 
construction above, it is easy to verify that either R C R' or R f] R' = ^, namely, the 
property (ii) is satisfied. 

Let R be in for some j G N. If i? is in Mj U A/^- and if Rj+i is obtained by extending 
Rj "horizontally", then there exists one parent of R in "Dj+i whose measure is 2'^p{R). If 
R is in Afj UA/^- and if Rj+i is obtained by extending Rj "vertically up", then there exists 
one parent of R in I^j+i whose measure is 2p{R). If R is in Mf~^ for some ^ > j + 1, then 
it has a parent in Mf~^~^ C T^j+i whose measure is either 2p{R) or 2"'p{R). Thus, the 
property (iii) is satisfied. 
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So far, we have proven that there exists a sequence {PjjjgN of partitions of Q,i whose 
elements satisfy the properties (i)~(iii). 

To obtain the desired partitions {'Dj}ji^^ on 0,2, we apply (i) and (iii) of Lemma 2.3 
and proceed as for fii: the details are left to the reader. 

We define Vj = Pj U P| for all j > 0. We now construct the partitions Dj for j < 0. 
By applying Lemma 2.1(iii) to each R G we find mutually disjoint sets {Ri}^^^, with 
k = 2 or k = 2", such that Ri e TZ, R = U*L^i?i, and p{R)/2'^ < p{Ri) < p{R)/2 for 
all i € {1, • • • , k}. Then we define P-i to be the collection of all such small Calderon- 
Zygmund sets Ri obtained by running R over all elements in Vq. Clearly P„i is still a 
partition of S. Again, applying Lemma 2.1 (iii) to each element of P_i and using a similar 
splitting argument to this, we obtain a collection of smaller Calderon-Zygmund sets, which 
is defined to be P_2- By repeating this process, we obtain a collection {Pj}j<o, where 
each Dj is a partition of S. By the construction of {Pj}j<o and by Lemma 2.1(iii), it is 
easy to check that the sets in {Pj}j<o satisfy the properties (i)-(iii). 

It remains to prove the properties (iv) and (v). For a set R € Dj, with j < 0, the 
property (iv) is easily deduced from Lemma 2.1 (iii). Take now a set R in Dj for some 
j > 0. If i? is in Afj, then it has either 2" disjoint subsets in Afj-i or 2 disjoint subsets in 
Mj-iUMj-i. If R is in J\fj, then it has either 2" or 2 disjoint subsets in Mj C Finally, 
if R is in M^~'^ for some t > j + 1, then it has either 2" or 2 subsets in Af^~-'~^^ C 
In all the previous cases, R satisfies the property (iv). The case when R is in Dj for some 
j > is similar and omitted. 

As far as the property (v) is concerned, given a point x in S, for any j G Z, let Rj be 
the set in Dj which contains x. By the construction and the property (iv), for any j € Z, 
there exists a set Rj^i S T^j+i which is a parent of Rj, so that 

Ki?J+i)>^Ki^J)> 0)%(i?S); 
this shows that limj_^oo p{Rj) = co. For any j < 0, we have that 

p(i?J) < ^p(i?J+i) < 0yp(i?g); 

this shows that limj^_oo p{Rj) = and concludes the proof of the theorem. □ 

Remark 3.1. (i) It should be pointed out that a sequence {Dj}j^i satisfying Properties 
(i)-(v) of Theorem 3.1 is not unique. 

(ii) For any given j € Z, the measures of any two elements in Dj may not be comparable. 
This is an essential difference between the collection of Euclidean dyadic cubes and 
of dyadic sets in spaces of homogeneous type [6] and the dyadic sets which we 
introduced above. 

We now choose one collection D = {Dj }j of dyadic sets in S constructed as in Theorem 
3.1. In the sequel, D always denotes this collection. 
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4 Dyadic maximal functions 

By using the collection V introduced above, we define the corresponding Hardy-Littlewood 
dyadic maximal function and dyadic sharp maximal function as follows. 

Definition 4.1. For any locally integrable function / on {S,d,p), the Hardy-Littlewood 
dyadic maximal function Aivf is defined by 

Mvf{x)= sup -k^ I \f\dp ^xeS, (4.1) 



mn{x),R(iV p{R) Jr 
and the dyadic sharp maximal function /|, by 

fLix)= sup -1^ f \f - fj,\dp VxG5. (4.2) 
ReTZ{x),R€V P\^) JR 

Recall that fn = ^ / dp. 

It is easy to see that for all locally integrable functions / and almost every x € 5, 
/(x) < M.T>f{x) < A4f{x) and /*(x) < /*(x). This combined with Proposition 2.2 
implies the following conclusion. 

Corollary 4.1. The operator Mx> is hounded from to L^'°°, and also bounded on 
for all p G (1, oo]. 

Remark 4.1. (i) It is obvious that AiT>f{x) < A4f{x) for any locally integrable function 
/ at any point x G S". However, there exist functions / such that Aif and Aivf are 
not pointwise equivalent. To see this, we take a set R= Q x [0, 2r) in T> such that 
Q = [0, 2^0)" for some £o S ^- Then, for all points (yi, . . . , y„, s) € such that yj < 
for all j € {1, . . . ,n} and s < 0, we have A^x>(Xi?)(?/; s) = and A^(Xi?.)(2/) ■s) > 0. 
So there does not exist a positive constant C such that M.{xr) < CA4x>{xr)- 

(ii) It is obvious that /|,(x) < /'^(x) for any locally integrable function / at any point 
X G S. The same counterexample as in (i) shows that the sharp maximal function and 
the dyadic sharp maximal function may be not pointwise equivalent. Indeed, if we 
take the set i? = Q x [0, 2r) as above, then for all points (yi, . . . , y„, s) € S such that 
yj < for ah j e {1, . . . , n} and s < 0, we have {xR)t,{y, s) = and (xij)''(y, s) > 0. 
So there does not exist a positive constant C such that (xij)" < C{xr)j)- 

We now state a covering lemma for the level sets of A4ti, which is proven in a standard 
way as follows; see also [24, Lemma 1, p. 150]. 

Lemma 4.2. Let f be a locally integrable function and a a positive constant such that 
= {x G S : Mxifix) > a} has finite measure. Then Qt is a disjoint union of dyadic 
sets, {Rj}j, with a < ^^^ -^ /p, \f\dp < 2"a for all j. 
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Proof. Since the measure of Oq, is finite, for each x € fla there exists a maximal dyadic set 
Rx € T) which contains x such that a < ^^j^ ^ l/I^^P- Any two of these maximal dyadic 
sets are disjoint. Indeed, by Theorem 3.1, given two points x,y G Qa, either Rx^Ry = $ 
or one is contained in the other; by maximality, this implies that R^ = Ry We denote by 
{Rj}j this collection of dyadic maximal sets. Then it is clear that fia = ^j^j- Moreover, 
for any j, since Rj is maximal, there exists a dyadic set Rj S D which is a parent of Rj 
and /jj^ I/I dp < a. Thus, 



^ / \f\dp<r-L- [ \f\dp<2-a. 
.^j) JRj p{Rj) JRj 



This finishes the proof. □ 

As a consequence of the previous covering lemma, following closely the proof of the 
inequality [24, (22), p. 153], we obtain the following relative distributional inequality. We 
omit the details. 

Proposition 4.3. There exists a positive constant K such that for any locally integrable 
function f , and for any positive c and b with b < 1, 

p{{x € S : Mvf{x) > a, < ca}) < p{{x G S : Mvf{x) > ba}) (4.3) 

for all a > 0. The constant K only depends on n and on the norm WM-vWh^^L^ 



' l,oo . 



By the relative distributional inequality (4.3) and arguing as in [24, Corollary 1, p. 154], 
we obtain the following Fefferman-Stein type inequality. We also omit the details. 

Corollary 4.4. Let p € (0,oo). There exists a positive constant Ap such that for any 
locally integrable function f such that /|, belongs to and Mx>f ^ L'p^ with pq < p, then 
f is in and 

\\Mvf\\LP<Ap\\f^\\Lr,. 

Remark 4.2. Recall that for any locally integrable function /, |/| < M.vf and /|, < 
Thus, from Corollary 4.4, we deduce that if p € (0, oo), belongs to and / belongs to 
some with pQ € (0,p], then / is in and 



LP<^p||/iLP, (4.4) 

where Ap is the constant which appears in Corollary 4.4. This generalizes the classical 
Fefferman-Stein inequality [24, Theorem 2, p. 148] to the current setting. 

We shall now introduce a dyadic Hardy space and a dyadic BMO space. 

Definition 4.2. The dyadic Hardy space is defined to be the space of all functions 
g in which can be written as g = Xj aj, where {aj}j are //^-atoms supported in 
dyadic sets and are complex numbers such that |Aj| < oo. Denote by ll^ll/^i^ the 

infimum of^j \Xj\ over all such decompositions. 
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Definition 4.3. The space BAiOxi is the space of all locally integrable functions / such 
that /p € L°°. The space BMOxi is the quotient of BA40x> module constant functions. 
It is a Banach space endowed with the norm H/UbmOc = II/1>I|l°°- 

It is easy to follow the proof in [25, Theorem 3.4] to show that the dual of is 
identified with BMOp. We omit the details. 

Obviously, C and Hfi'll/fi < Hs'll/fi^ for all g in H^. It is natural to ask whether 
the norms || ■ and || • \\^i are equivalent. The analog problem in the classical setting 
was studied by Abu-Shammala and Torchinsky [1]. By following the ideas in [1], we obtain 
the following result. 



Theorem 4.5. The norms 



and 



are not equivalent. 



Proof. We give the details of the proof in the case when n = 1. By the construction of V 
in Theorem 3.1, there exists [0, 2^o+^) x [0, 2ro) € X'fco+i for some ko € Z, io e Z and ro > 
such that Ro = [0, 2^°) x [0, 2ro) G Vk^ and £^0 = [2^°,2-2^o) x [0, 2ro) G Vk^. Generally, for 
any j < 0, there exist Rj = [2^° - 2^^ , 2^° ) x Ij G Vj,. and Ej = [2^o , 2^" +2^^ ) x Ij G V^^ such 
that Rj U Ej G Vk^+i, where both {kj}j<:o and {ij}j<o are strictly decreasing sequences 
which tend to —00 as j —00, and each Ij is an interval contained in [0, cxo). Notice 
that for all j G N, p{Rj) = p{Ej) = 2rj2^i for some rj > 0. Set Oj = 2p(fl ) (XRj ~ ^-^j)- 
Obviously, each Oj is an if-'^-atom and ||aj||j:^i < 1. 

Take the function = X(2*o oo)(^)fos(^ ~ ^^") = h{x) for all G 5. An easy 

calculation gives that 



m 



BMOc 



< 



sup 

/CR 

/ is a dyadic interval 



1 

III .// 



h{x) 



1 



Kv) dy 



dx < 00. 



We then have 



> 



BMOc 
1 



1 



lajWffi = sup 

1 



Oj t/' dp 



BMO-D 



Oj (p dp 



s 

2-^^ / log(x-2^")dx 

72*0 



11 - log 2'^^- 1 



BMOp 



So there exists no positive constant such that < C||aj||j|^i for all j < 0. 



□ 



Notice that all the arguments of [26, Section 5] can be adapted to the dyadic spaces 
Hj) and BMOx> such that all results therein also hold for Hj^ and BMOx?- In particular, 
one can prove that, though is a proper subspace of H^, the real interpolation space 
[F^, L'^]e,q is equal to L^, if G (0, 1) and i = 1 - |. 
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5 Complex interpolation 

We now formulate an interpolation theorem involving and BMO. In the following, 
when A and B are Banach spaces and 9 is in (0, 1), we denote by {A,B)[0j the complex 
interpolation space between A and B with parameter 9, obtained via Calderon's complex 
interpolation method (see [4, 3]). 

Theorem 5.1. Suppose that 9 is in (0, 1). Then the following hold: 
'fVo=^' ^^^^ BMO)[,] = LPo- 
(ii) if ± = 1-1, then {H\L\e] = L'^' ■ 

Proof. The proof of (i) is an easy adaptation of the proof of [10, p. 156, Corollary 2] and 
of [5, Theorem 7.4]. We omit the details. 

The proof of (ii) follows from a duality argument (see [5, Theorem 7.4]). Denote by 
Xq the interpolation space (Z/^, L^) j^j. Now by the duality theorem [3, Corollary 4.5.2], 

if ^ = 1 — |, then the dual of Xq is (L^, BMO)jgj, which is equal to L'^'e by (i), where 

^ + ^ = 1. Furthermore, Xq is continuously included in because is continuously 

included in and (L^,L^)jgj = L'^^ . Since is reflexive, the interpolation space Xq 

is reflexive (see [3, Section 4.9]), so that Xq is isomorphic to X^* = (L^e)* = This 
concludes the proof. □ 

A consequence of the previous theorem is the following. 

Theorem 5.2. Denote by T, the closed strip {s G C : € [0,1]}. Suppose that {Ts}s£t, 
is a family of uniformly bounded operators on such that the map s — )• JgTs{f)g dp is 
continuous on S and analytic in the interior ofT,, whenever f,g S . Moreover, assume 
that there exists a positive constant A such that 

WTitfh^ < A\\f\\L2 V/eL2,VieM, 

and 

\\Ti+uf\\ BMO < ^ ll/lloo V / € l2 n V t G M . 
Then for every 6 S (0, 1), the operator Tq is bounded on L^^ , with ± = and 

WTQfhPo <AQ\\f\\Lve yfeL^niPo. 

Here Aq depends only on A and 9. 

Proof. This follows from Theorem 5.1(i) and [9, Theorem 1]. Alternatively, we may follow 
the proof of [24, p. 175, Theorem 4]. We leave the details to the reader. □ 

Theorem 5.3. Denote by S the closed strip {s € C : 5Rs G [0, 1]}. Suppose that {Ts}s^-£ 
is a family of uniformly bounded operators on such that the map s — t- JgTs{f)g dp is 
continuous on S and analytic in the interior ofT,, whenever f,gGL^. Moreover, assume 
that there exists a positive constant A such that 

WTufh^ <A\\f\\Hi y f eL^nH\y tGR, 
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and 

\\T,+uf\\L- < A\\f\\L2 V/GL2, VtGM. 
Then for every 9 S (0, 1), the operator Tg is bounded on L^^ , with - 

\\Te f h'^o <Ae\\f h'^o V / G n L^" . 

Here Ag depends only on A and 9. 

Proof. This follows from Theorem 5.1(ii) and [9, Theorem 1]. We omit the details. □ 

Remark 5.1. It is easy to see that Theorems 5.1, 5.2 and 5.3 still hold if and BMO 
are replaced by and BMOx), respectively. We leave the details to the reader. 
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